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Abstract
We obtain solutions of the (2 + 1) dimensional κ deformed Dirac equation in the presence of crossed
magnetic and electric fields. It is shown that the κ deformed Landau levels are modified in the presence
of the electric field. Contraction of Landau levels has also been examined and it has been shown that
the contraction depends on a critical magnetic field which is independent of the deformation parameter
in first order approximation.
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1
1 Introduction
Over the years application of various deformed symmetry in the context of quantum physics have been
studied by many authors. Out of various deformed symmetries, a particularly interesting one is the quan-
tum deformation of the Poincare´ algebra or the κ deformed Poincare´ algebra [1, 2, 3, 4]. Based on this
deformed algebra a modified Dirac equation, usually called the κ deformed Dirac equation [2] was con-
structed. To get an understanding of how the deformation affects observables like energy various quantum
mechanical models e.g, the Dirac Coulomb problem [5], relativistic Landau problem [6], Aharonov-Bohm
interaction [7], anomalous magnetic moments [8] have been studied within the framework of κ deformed
Dirac equation. Very recently the effect of the deformation parameter on the Dirac oscillator problem
[9, 10], integer quantum Hall effect [11], uniformly accelerated observer [12], electrodynamics [13] etc.
have been examined within the above framework. In this paper our aim is to consider the κ Dirac equation
in the presence of an interesting interaction, namely crossed magnetic and electric fields. The standard
Dirac equation in the presence of this interaction was earlier shown to admit exact solutions [14, 15] and
here it will be shown that the κ deformed Dirac equation with this interaction is solvable too, at least to
first order in the deformation parameter. In particular, we shall obtain the spectrum and determine how
the κ deformed Landau levels [6, 11] are modified due to the presence of the electric field. A comparison
of the energy levels with those of the undeformed system has also been made. In this context it may be
recalled that relativistic Landau levels in the presence of a crossed electric field show contraction as the
electric field strength approaches the magnetic field strength through values less than the later. Here we
shall also investigate whether or not the deformation parameter has any effect on such a contraction.
2 Formalism
To begin with let us note that the deformed Poincare´ algebra is given by [2]
[Pi, Pj ] = 0, [Pi, P0] = 0, [Mi, Pj ] = iǫijkPk,
[Mi, P0] = 0, [Li, P0] = iPi, [Li, Pj ] = iδijǫ
−1sinh(ǫP0),
[Mi,Mj] = iǫijkMk, [Mi, Lj] = iǫijkLk, [Li, Lj] = −iǫijk[Mkcosh(ǫP0)− 14ǫ2PkPiMi],
(1)
where Pµ = (P0, Pi) are the deformed momenta, (Mi, Li) are spatial rotation and boost generators. The
quantum group parameter ǫ is given by ǫ = κ−1 = limR→∞(Rlnq) where R is the de Sitter radius and q is
a real deformation parameter. Based on this algebra the (2 + 1) dimensional κ deformed Dirac equation
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to O(ǫ) can be found as [2, 5]{
γ0P0 − γiPi + ǫ
2
[γ0(P
2
0 − PiPi)−mP0]
}
ψ = mψ, (2)
where ψ =

 ψ1
ψ2

 and the gamma matrices are given in terms of Pauli matrices by [9]
γ0 = σz, γ1 = iσy, γ2 = −isσx. (3)
and s = ±1 indicates two spin orientations. In order to incorporate the magnetic and electric fields it
is now necessary to gauge Eq.(2). It may be noted that as we are dealing with a one body problem
no co-multiplication is necessary and also for the above form of the Dirac equation operator ordering
ambiguities do not arise [5]. Thus we gauge Eq.(2) in the usual way i.e,
Pµ → Pˆµ = Pµ +Aµ. (4)
and obtain from Eq.(2) {
γ0Pˆ0 − γiPˆi + ǫ
2
[γ0(Pˆ
2
0 − PˆiPˆi)−mPˆ0]
}
ψ = mψ, (5)
where
Pˆ0 = P0 − Ey, Pˆx = px −By, Pˆy = py. (6)
Note that the above choice of gauge potentials implies that the direction of the magnetic field is perpen-
dicular to the plane while the electric field is directed along the y axis. Now identifying P0 = H = E,
Eq.(5) can be written as [
H0 − ǫ
2
(Pˆ 20 − PˆiPˆi −mσzPˆ0)
]
ψ = Eψ, (7)
where the undeformed Hamiltonian H0 is given by
H0 = γ0(γiPˆi +m)− V, V = Ey. (8)
The eigenvalue equation in Eq.(7) can be written as[
ασxPˆx + sασyPˆy +m1σz − (Ey + E)
]
ψ = 0, α = 1 +
mǫ
2
σz, m1 = m− sǫh¯B
2
. (9)
It may be noted that due to our choice of the gauge potentials the motion in the x direction is free and
consequently we may take the spinor ψ to be of the form
ψ(x, y) = eikxxφ(y) = eikxx

 φ1
φ2

 , (10)
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where kx denotes the momentum in the x direction. Now substituting (10) in Eq.(9) we find
[sασypy + ασx(h¯kx −By) +m1σz − (Ey + E)]φ = 0. (11)
In the next section we shall find solutions of Eq.(11).
3 Solution
It is easy to see from Eq.(11) that the components φ1,2 are non trivially coupled. In order to disentangle
the components we now write
φ = [sασypy + ασx(h¯kx −By) +m1σz + (Ey + E)]χ. (12)
Then substituting φ from Eq.(12) in Eq.(11), it can be shown that the spinor components χ1,2 satisfy
the following set of coupled second order equations


J +
sB
h¯
− sǫ
h¯(1− mǫ
2
)
sǫ
h¯(1 + mǫ
2
)
J − sB
h¯



 χ1
χ2

 = 0, (13)
where J is a second order differential operator given by
J = − d
2
dy2
+
αˆ2B2 − E2
αˆ2h¯2
y2 − 2
(
Bkx
h¯
+
EE
αˆ2h¯2
)
y + k2x +
m21 − E2
αˆ2h¯2
. (14)
The above set of equations can be easily decoupled and we finally obtain the following fourth order
differential equations satisfied by χ1,2 :(
J − sB
h¯
)(
J +
sB
h¯
)
χ1 = − E
2
αˆ2h¯2
χ1,(
J +
sB
h¯
)(
J − sB
h¯
)
χ2 = − E
2
αˆ2h¯2
χ2,
(15)
where αˆ =
√
det α.
It is easy to recognize J as the Hamiltonian of a displaced harmonic oscillator shifted in the energy
scale provided the magnetic field strength is greater than a critical value, that is, B > Bc =
|E|
αˆ
and in
this case if fn is a harmonic oscillator eigenfunction with eigenvalue Ωn, then
Jfn =
[
Ωn +
m21
αˆ2h¯2
− (αˆh¯kxβ + E)
2
αˆ2h¯2(1− β2)
]
fn, n = 0, 1, 2, · · · , (16)
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where
Ωn =
1
αˆh¯
√
αˆ2B2 − E2(2n+ 1), β = E
αˆB
,
fn =
√√√√ 1
2nn!
√√
αˆ2B2 − E2
παˆh¯
Hn


√√
αˆ2B2 − E2
αˆh¯
t

 exp[−
√
αˆ2B2 − E2
2αˆh¯
t2], t = y − (αˆ
2h¯kxB + EE)
(αˆ2B2 − E2) .
(17)
and Hn(z) denotes Hermite polynomials. Then identifying χ1,n with fn, we find from Eqs.(15) and (16)
(En + αˆh¯kxβ)
2 = m21(1− β2) + 2αˆ2h¯B(1 − β2)
3
2n, n = 0, 1, 2, · · · , (18)
The two independent set of eigenfunctions are given by
χn =

 1
c+(s)

 fn or

 1
c−(s)

 fn−1, c±(s) = 1
sβ
√
1− mǫ
2
1 + mǫ
2
(
s±
√
1− β2
)
. (19)
Now from Eq.(18) the energy levels of the original Dirac equation can be found to be
En,± = −αˆh¯kxβ ±
√
m21(1− β2) + 2αˆ2h¯B(1− β2)
3
2n (20)
From Eq.(20) it is seen that En,± depends on ǫ through the first term on the r.h.s as well as m1 under
the radical sign. To separate the ǫ dependent part of the spectrum we now expand the r.h.s of the above
expression in powers of ǫ to obtain
En,± = −h¯kxβ ±
√
m2(1− β2) + 2h¯B(1− β2) 32n
∓ smh¯B
√
1− β2ǫ√
m2 + 2h¯B(1− β2) 12n
+O(ǫ2).
(21)
3.1 Analysis of the spectrum
The energy values in Eqs.(20) or (21) are the κ deformed Landau levels in the presence of a homogeneous
crossed electric field. It may be noted that presence of the parameter s results in the following change:
c±(1) = c∓(−1). As a check on our calculations it may be noticed out that the spectrum in (20) reduces
to the known ones for certain values of the parameters. For example, when ǫ = m = 0 it reduces to the
spectrum obtained in ref[16, 17, 18]. Also, one may recover the κ deformed Landau levels [6, 11] when
E = 0. As mentioned before the spectrum (20) is acceptable only when β < 1 (or B > Bc). It is seen from
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Eq.(18) that as β approaches the critical value 1, the terms including the second term (containing the
quantum number n) under the radical sign tend to zero and the energy levels tend to a constant value.
In other words the Landau levels contract and tend to a constant value as B → Bc. However, αˆ = 1 to
O(ǫ) and consequently the critical magnetic field is independent of the deformation parameter κ at this
order of approximation. This situation is somewhat similar to ref[5] where the first order correction to
the κ deformed hydrogen atom spectrum was found to be vanishing. Finally from (21) it follows that
En,+(ǫ)− En,+(ǫ = 0) < 0 while En,−(ǫ)− En,−(ǫ = 0) > 0 and these two results indicate the net effect
of deformation on the energy levels.
Let us now examine the other possibilities regarding the behavior of the Landau levels with respect to
the variation of β. We have seen that the Landau levels contract as B → Bc. When B = Bc, the second
term on the r.h.s of Eq.(14) vanish and J can be identified with the Hamiltonian of a linear potential.
Although the Schro¨dinger equation for a linear potential admits exact solutions in terms of Airy function,
bound states do not exist over the whole real line [19]. Next we consider B < Bc. In this case it is seen
from Eq.(14) that the coefficient of the second term on the r.h.s becomes negative and consequently J
represents the Hamiltonian of a shifted inverted harmonic oscillator. For the inverted harmonic oscillator
there are only discrete complex energy eigenvalues for which bound states do not exist [20] although this
potential is interesting in other contexts e.g, tunneling [21]. So, we conclude that for B ≤ Bc (or β ≥ 1)
Landau levels do not exist.
4 Conclusion
In conclusion we have obtained solutions of the κ deformed Dirac equation in crossed magnetic and
electric fields to the first order in the deformation parameter. A comparison of the energy levels with and
without deformation has also been made. We have also examined in detail contraction of the Landau
levels and it has been shown that the critical magnetic field is independent of the deformation parameter
to O(ǫ). As for future work we feel it would be of interest to search for other interactions solvable within
the present framework so that future experiments may provide some estimate on the magnitude of the
deformation parameter. Another direction of work may be to solve the Dirac equation keeping terms of
order ǫ2 and examine dependence of the critical magnetic field on the deformation parameter.
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